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RINGS OF DIFFERENTIAL OPERATORS
ON INVARIANT RINGS OF TORI

IAN M. MUSSON

ABSTRACT. Let k be an algebraically closed field of characteristic zero and G a torus
acting diagonally on k*. For a subset 8 of s = {1,2,..., sheetUg={u€ck’|u;#0
if j € B}. Then G acts on O(Uj), the ring of regular functions on Uj, and we study
the ring D(@(l/,,)‘;) of all differential operators on the invariant-ing.

More generally suppose that A is a set of subsets of s, such that each invariant
ring O(U;)“, B € A, has the same quotient field. We prove that Ng < s D(O(U)¢) is
Noetherian and finitely generated as a k-algebra.

Now G acts on each D((D(Uﬁ)) and there is a natural map

o N D(@(Uﬁ))“*/QAD((P(%)“) - D(¥,/G)

Bea

obtained by restriction of the differential operators. We find necessary and sufficient
conditions for @ to be surjective and describe the kernel of 6.

The algebras Ny y D(O(U;)¢ and Ny y D(O(U)¢) carry a natural filtration
given by the order of the differential operators. We show that the associated graded
rings are finitely generated commutative algebras and are Gorensetin rings. We also
determine the centers of Ny e s D(O(U, N¢ and Ng ey D(OL)OY.

Introduction. Throughout this paper k& will be an algebraically closed field of
characteristic zero. If K is a commutative k-algebra we denote by Dy(K) the set of
k-linear maps K — K and if p > 1 a k-linear map f: K — K belongs to D,(K)
provided the map [f, r] defined by [f, r](s) = f(rs) — rf(s) for s € K belongs to
D,_i(K) for all r € K. The set D(K)=U,,,D,(K) forms a subring of End,(K)
called the ring of differential operators on K. We consider K as a left D(K )-module
where f-r = f(r)forall fe D(K), r € K.

The ring of differential operators on the invariant ring of a finite group acting on
a polynomial ring has been studied in [Ka, L1 and L2]. We carry out a similar study
for the invariant ring of a torus.

We assume that the torus G acts on k* as a group of diagonal matrices. If 8 is a
subset of s = {1,2,...,5}, then G actson Up = {u € k*|u; # 0 if j € B}. Also G
acts on O(Ujp) via (gf N(u) = f(g lu)forge G, fe O(Up), u € Uy. More generally
suppose that for some set of subsets A of s we have Y = Ugc, U, where each
invariant ring 0(UB)G has the same quotient field F. Then each D(@(UI,)G) is a
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806 1. M. MUSSON
subring of D( F) and we define

D(Yy/G) = N D(0(y,)°).

BeA

THEOREM A. With the above notation D(Y,/G) is Noetherian and finitely generated
as a k-algebra.

If A consists of a single subset A = {8} then D(Y,/G) = D(@(UB)G). However
the ring O(U;)© does not in general reflect the geometry of the orbit space U/ G
very well. A simple example of this is where G = GL(1) acts on U, = k* by scalar
multiplication. Then the origin O is the only closed orbit, and (U, — 0)/G = P*~!
but O(U,)° = k.

However, there are many nonconstant global differential operators on P*~!; see
[BB, Example 3.10a]. The definition of D(Y,/G) given above is designed to
accommodate such examples.

We shall write D(U,) and D(Y) in place of D(0(Up)) and D(O(Y)).

The group G acts on D(U,) via (g - d)(f) = g(d(g~'f)) for f€ O), d e
D(U,). and g € G. Moreover there is a natural map : D(Up)® — D(0(Up)“)
which is obtained by restriction of the differential operators. Taking intersections
over 8 € A, we obtain a map

6: D(Y)° = N D(Y,)° > N D(0(Y)°) = D(Ya/G).
pBeld BeA

In Theorem B below we obtain necessary and sufficient conditions for 6 to be
surjective and describe the kernel of §. The corresponding result for the action of a
finite group on a polynomial ring is proved in [Ka, Chapter III, Théoréme 4 and L1,
Théoréme 5].

The statement of Theorem B is given at the beginning of §2. It is formulated in
terms of certain convex rational polyhedral cones which are related to the invariant
rings of a torus. For other results on invariant rings of tori which use this approach
see [Ho and Ke].

This paper is organized as follows. In §1 we assemble the results we need on rings
of invariants of tori acting on O(U,) and convex cones. Theorem B is proved in §2.
In §3 we describe the centers of D(Y)® and D(Y,/G) (see Theorem C and
Corollary 3.4) and in Corollary 3.6, obtain an important special case of Theorem B.
In §4 we filter the rings D(Y)® and D(Y,/G) by the order of the differential
operators, and show that the associated graded rings are finitely generated commuta-
tive algebras. Theorem A follows easily from this. We also show that these graded
rings are Gorenstein rings (Theorem D). This allows us to deduce homological
information about modules over D(Y )¢ and D(Y,/G); see [L2, Théoréme 4.4].

In our companion paper [M] we give some examples and indicate some applica-
tions to enveloping algebras of some semisimple Lie algebras.

Index of notation. Z ., Q, refer to the set of nonnegative integers and rational
numbers, respectively.



RINGS OF DIFFERENTIAL OPERATORS 807

Other symbols used frequently in the text are given below in order of appearance.
Introduction. D,(K), D(K),s, Uy, A, Y = Uz, Up, D(Y), D(Yy/G), b, 6.

L1 H, Hp

1.3.QA, ¢, ¥, ¥*, x,, f,

14.T, m, Ag, V, H, T, M, N
20. ¢, a, J

22.0, P, 4, I(\)

2.3. Ag, 2(N)

24.3

25. A, 800, 85, (V). Sy 5. S,

2.6. 1, ;. piv B, Bg, wp(N), wg,(A)
28. 1

3.1. Z(R), O(R), GK(R)

35. 1,

41. 6, 9,,Gx(R), E, D, 11, 11,

S
Ne)

9. Kd(M), d(M), grade(M)
4.10. trdeg,(R)

1. Convex cones and rings of invariants of tori.

L1 If f€(Q")* a subset of the form H,= {A € Q"| f(A) > 0} is called a
halfspace in Q". We sometimes write Hf0 for ker f. Given a finite set S = {v,,...,v,}
in Q" the convex rational polyhedral cone, cone(S) spanned by S is the set

cone(S) = ) Q*v,.
i=1

THEOREM. (a) If S is a finite subset of Q", then cone(S) is a finite intersection of
halfspaces. Moreover, if S spans Q", then cone(S) = N, H; where the halfspaces
H, i € I, are determined as those halfspaces H such that H® contains n — 1 linearly
independent elements of S.

(b) Conversely any finite intersection of halfspaces in Q" has the form cone(S) for
some finite set S.

ProOF. This is the analogue for cones of the fact that a nonempty subset of Q” is
a convex polytope if and only if it is a bounded polyhedral set [B, Theorem 9.2].

When S spans Q" we call the halfspaces H; of Theorem 1.1(a) the bounding
‘halfspaces of cone(S). In the terminology of [B] these are the supporting halfspaces
which intersect cone(S) in a facet. If H is a bounding halfspace of cone(S) then H°
will be called a bounding hyperplane.

1.2. LEMMA. Suppose C = H, N H, N --- NH, is an intersection of halfspaces in
Q" and that C spans Q". Then any bounding halfspace of C is equal to some H.,.

PROOF. Suppose H = {v € Q"| f(v) > 0} is a bounding halfspace different from
each H, = {v € Q"| f(v) > 0}. Since H° N C contains n — 1 linearly independent
elements, there exists v € H° N C such that v € H?. Adding the elements obtained
in this way we obtain u with f(u) = 0 and f,(u) > 0 for i = 1,..., r. The idea now
is to perturb u slightly to obtain an element u’ of C which does not lie in H.
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There exists w € Q" such that f(w) = —1. Let f(u) =¢ > 0 and f(w) =8, If
8,>0forl <i<r, then u’ = u+ wis the desired element. If §, < 0 for some i, let
A =min{—¢/8;|1 <i<rand§, <0},s0A > 0.

We set u’ = u + Aw. Then it is easily checked that f(u')> 0 for 1 <i<r, so
u’ € C,but f(u')= —A <0sou’ & Hand H is not a bounding halfspace of C.

1.3. We next characterize certain semigroups which we shall be interested in. An
additive abelian semigroup A is normal if it is finitely generated, cancellative, and
whenever p,, p,, p; € A with p, + np, = np, for a positive integer n, there exists
Ps € A with p, = np,. In this situation A can be embedded in a finitely generated
abelian group (ZA for example). However the definition of normality is independent
of the embedding. For A a subsemigroup of Z", we write kA = span{t*|\ € Z"}.

PROPOSITION. For a semigroup A the following are equivalent:

(1) A is normal.

(2) For any field k, kA is an integrally closed Noetherian domain.

(3) Forsomes >t > 0, A isisomorphic to a semigroup of the form (Z'.X Z*~")N V,
where V' is a subspace of Q° and under this isomorphism dim QA = n.

(4) For some t, n >0, A is isomorphic to a semigroup of the form Z" N H,
N --- NH, where the H, are halfspaces in Q", and under this isomorphism ZA = 7.".

In the proof that (4) = (3) we may take s = ¢ + n.

PRrROOF. The proof of the equivalence of (1)-(3) can be adapted from the proof of
[Ho, Proposition 1].

(4)=(3). Assume A=Z"NH N ---NH, where H,= {v e Q"|f(v) = 0}.
Define y, = f.(x,,...,x,) for i =1,...,¢. Then y, € Z™ for (xy,...,x,) € A. The
map (xy....,x,) = (Vy»--vs Yy Xqs.--,Xx,) is an isomorphism of QA onto the
subspace V of Q'"" defined by the equations Y, = f,(X,,..., X,). Clearly the
restriction of this map to A maps A isomorphically onto (Z, X Z") N V.

(3) = (4). We assume A = (Z' X Z*"')N V and show A is isomorphic to a
semigroup of the form Z" N H, N --- NH, as in part (4). We can choose a basis
vy,...,0, for QA such that v,,..., v, generate ZA as a group. Then we define an
isomorphism ¢: QA — Q" by ¢(X/_,Av;) = (Al,...,}\,,l). Clearly ¢ maps ZA
isomorphically onto Z". Let ¢ be the composite Q”¢—+ QA ¢ Q. Define ¢*:
(Q%)* = (Q")* by (¥*g)(v) = g(¥(v)) for g € (Q*)*, v € Q" Let x; € (Q*)* be
the coordinate functions defined by x,(u) = p; for p = (py,...,p,) € Q° and for
i=1,...,t define f, = ¢*x, € (Q")*. Let H, be the halfspace H, = {u € Q"| f,(v)
> 0}. We claim that ¢ maps A isomorphicallyontoZ" N H, N --- NH,.

Certainly ¢(A) € Z", since ¢(ZA)=Z". If A € A, then f(¢(A)) =
(P*x,)(¢(N)) = x,(¥(Pp(N))) = x;(X) > 0 since ¥ o ¢ is just the inclusion QA C Q°.
Hence ¢(A\) € H,and ¢(A)CZ"Nn H N --- NH,.

Finally, given p € Z" N H, N - -- N H, there exists A\ € ZA with ¢(A) = p, since
¢: ZA — Z" is an isomorphism. The computation above shows that x,(A) > 0 for
i=1,....,tsoA€Aand ¢: A > Z" N H, N --- NH, is the desired isomorphism.

The maps ¢, ¢, and y* constructed above will play an important role in §2.
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1.4. We now interpret our work in terms of rings of invariants of tori. Assume that
G = GL(1, k)" is a torus acting on O(U,) = k[T,*!,...,T.*'] so that for g =
(8-, 8) € G,

(1) g T = i=]—[1g,.‘"/7} where a,; € Z.

It is easily checked that a monomial T is fixed by G if and only if m,(\) = 0 for
1 < i < r where

(2) m; = Zai_jxj €.(Q")™".
j=1
It follows that G(Uﬁ)“ kA g, a semigroup algebra, where
{?\EZ|m()\)—Ofor1 <A >0if j& B).
Let V—{}\EQ’|m()\)—Ofor1 <r}, and H;={A € Q°|A, > 0}. Then

Ag=Z'NVNN,gpuH; is a semigroup of the type described in statement (3) of
Proposition 1.3, and O(U)G =kA,where A, =Z°N V.

Conversely given A,, A of thns form, we may assume the vector space V is the
solution space of a system of linear equations as in (2), define an action of a torus G
on O(U,) as in (1), and then we obtain O(U,) = kA, and O(U,)° = kA,.

It is often useful to regard our torus G as a subtorus of the torus I' = GL(1)*
which consists of all invertible linear transformations represented by diagonal
matrices on the basis T},...,T,. For g = (g;,..., 8,) € I' we have gT, = g,T,, so if
we define T,(g) = g, then T,,..., T, generate the character group M = M(T') of T
and

g-T"=Tg)T* forgeT, AeZ.
The correspondence A « T allows us to switch between additive and multiplica-
tive notation for M. We obtain an induced action of I on Z* by
g-A=Tg)\ forgeT, AeZ
If N = N(T') is the group of one parameter subgroups of I there is a pairing ( , ):
N X M — Z defined by
TMx(g))=g"" forgek,xe N, AE M.

Let x,,..., x, be the basis for N such that T;(x,(g)) = g%, for all g € k, where
8, is the Kronecker delta. We also write x(A) = (x,A). Then x;(A)=A; and
Xy,..., X, can be viewed as coordinate functions on Z°*.

LEMMA. There exists a subset B’ of s containing B such that @(UB)G O(Up )¢ and
the distinct bounding halfspaces of Q"Ag= Q" Ay are precisely the halfspaces
QAp N H;withj & B'.

PrOOF. By Lemma 1.2 any bounding halfspace of Q* A, has the form QA, N H;
where j & B. Simply choose a subset B8’ containing B so the distinct bounding
halfspaces have the form QA, N H; where j & B’.
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1.5. In the situations described above where O(U,)¢ = 0(UB)° kAg, itis
possible to have ZA, strictly contained in the group As = Zf N V. However if we
are given Ay =Z*NVNN,qp H; for some subspace V of QA then since Ay C
QAzC V we obtain AyCZ NQAZNN, .y H, CZNVNN, g H Aﬁ
Hence Apg=Z"NQAgN ﬂjeﬁ » and we could replace V' by QAB in the
definition of Ap. We also note

LEMMA. ZA g = Z° N QA,.

PrOOF. If A € Z° N QA,, there is an integer p > 1 such that pA € ZA,. Hence
pA =X, — A, for Aj,X, € Ag, so pA =pA; — A where Ay =X, +(p— 1A, €
Ap N pZ* = pAy. Therefore Ay = pA, forsome A, € Agand A = A, — A, € ZA,
Since the inclusion ZA, € Z° N QAg is obvious this proves the result.

1.6. Applying the procedure outlined after Proposition 1.3 to Ay and ZA, we
obtain

COROLLARY. Given an action of a torus G on O(U,) we may extend the action of G to
a larger torus G’ so that O(Up)® = kA and O(U,) = kZA,.

There is no loss of generality in assuming that the torus G acts faithfully on O(U,)
and we shall always do so. This is equivalent to requiring that the equations m (x),
Jj=1,...,r, are linearly independent. If O( UB)G kAg, then the Krull dlmen51on
of O( UB)G is equal to the rank of ZA 4. Thus by linear algebra

dim 0(U;) — dimG = s — r = dim 0(U,)® > dim0(U) .

Here dimG = r is the dimension of G as an algebraic group, and the dimensions of
the rings are their Krull dimensions. We say that G satisfies the dimension equality
on 0(Uy,) provided dim (9(UB)G dim 0(U;) — dimG. By Lemma 1.5 this is equiva-
lent to the requirement that ZAz = A,. By Corollary 1.6 we may assume the
dimension equality holds by embeddmg G in a larger torus without changing
O(Up)©.

1.7. LEMMA. Suppose A = (Z'. XZ* " ")N V and that QA N kerx, is a bounding
hyperplane of Q* A. If x,(ZA) = aZ for some a > O then there exists A € A such
that x,(A) = a.

PrOOF. By assumption x,(X') = a for some X' € ZA. Let H, = {A € Q*|x,(})

> 0}. For 2 <j < r we consider three cases which may arise. If QA C H; 9 then
x»l(}\’) 0; in this case let u; = 0. In the other cases QA N H; 0 has codlmensmn one
in QA.

Suppose next that H N QA = H? N QA.Then H, N QA = H,Nn QAor H N
QA = (—H;)) N QA. Since QA ¢ H1 there exists p € A with xl(p) > 0, and so
pE H, ﬂQA but u & (= H;) N QA. Therefore H, N QA = H; N QA, so x,(X)
> 0 in this case and we set u; = 0.

Finally suppose that H? N QA and HjO N QA are distinct subspaces of codimen-
sion one in QA. Then H? N QA ¢ H and since H N A spans H’ N QA, there
exists u; € H N A with u, & H. Therefore x,(u,) = 0 and x,(u,) > 0.
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Set u=u, + --- +u, € A. Then x,(u) = 0 and in the first two cases x;(X') > 0
and x,(u) > 0, while in the last case x,(u)> 0. If we set A =X + Nu for a
sufficiently large positive integer N, then A will satisfy the conditions of the lemma.

1.8. We make one further reduction. Suppose Ag =Z°N VN N,z H; and the
groups ZA, are equal for all B € A. For all j such that QA ¢ kerx,, let x(ZAg)
= a,Z where a; > 1. We define an isomorphism ¢: Q* — Q° by qb(}\l,.. A=
(pl,...,u ) where p;=A; if QA C kerx; and p; = A;/a; otherwise. Let ¢ = ¢~ !
and as in the proof of Proposmon 1.3 defme P (Q’)* - (Q°)* by (¥*f)(v) =
f((v)). Let ¥’ C Q° be the solution space to the equations m = ¢*m;, 1 <j<r.
Then ¢ maps A isomorphically onto the semigroup Ay = Z° N V' NN, H; and
x;(ZAg) =17 for all j & B. In terms of fixed rings of tori we have shown the
following lemma.

LEMMA. There exists an action of G’ = G on k* such that for all B € A, m(UB)G =
kNjg = kAgand forallj & B, x (ZNg) = Z

1.9. If G satisfies the dimension equality, the reduction achieved in the previous
lemma has an interesting interpretation in terms of pseudoreflections.

LEMMA. Assume G satisfies the dimension equality on O(Us). If (9(UB)G kAg
then x (ZAg) = Z if and only if G contains no nonidentity pseudoreflection fixing the
hyperplane defined by x; = 0,

PrROOF. Without loss of generality j = 1. If G contains a pseudoreflection of the
form (w,1,...,1) where w is a primitive mth root of unity, m > 1, then kAB =
O(Up)° € O(U,)° c k[T, T, ..., T,*"1and x,(ZAg) C mZ.

Conversely, assume x,(ZAgz) = mZ where m > 1. For g € I', A € Z° we have
g T* = TNg)T* Hence O(U)° = Span{T* |\ € Z°, G C KerT*}. Since
x(ZAg)=mZ and ZAgz= A, by the dimension equality, we have O(U,)° C
k[T\*™ T,*',...,T,*!]. Hence the pseudoreflection g = (,1,...,1) fixes O(U,)°
where w is a primitive mth root of unity. Therefore g € Ker T* for all A € Z° such
that G € KerT*. However by [Hu, Proposition 16.1] G = NKerT? where the
intersection is over those kernels of characters which contain G. Hence g € G as
required. :

1.10. ExaMPLE. If G does not satisfy the dimension equality on O(Us,) the above
result may fail to hold.

Let G = GL(1,k)* and let G act on K = k[T},T,,T5,T,] by g - T, = I, g/'T,

where
1 -1 0 -2
()= ( -1 0 -1 2 )
Then T* € K if and only if A satisfies
A=A, -2XA;=0 and A, >0
-\ - A+ 270,=0.
Adding these equations we find A, + A; = 0. Therefore A, = A\, = 0,and K¢ = kA
where A = Z ,(2,0,0,1). Hence xl(ZA) = 2Z. However 1f ge G is a pseudoreflec-
tion fixing the hyperplane defined by x, = 0, thenfrom g - 7, = T, and g - T, = T3,
it follows that g, = g, =1sog = 1.
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2. Rings of differential operators.

2.0. We explain the notation for halfspaces and hyperplanes which we will be
using from now on. Let x; be the coordinate functions on Q*, J%, = {A € Q*|x,(\)
> 0}, and #° = kerx,. Let f, be the restriction of x, to QA, H, =%, N QA, and
H? =5#° N QA = kerf,. Identifying QA with Q" by means of the isomorphism ¢,
we have f, = {*x; as in Proposition 1.3.

We are now able to formulate Theorem B. Suppose the torus G = GL(1)" acts on
Y = Upc 4 U asin the introduction. For each 8 € A, O(U;)¢ = kA g where

Ag={NeZ|m(N)=0forl<i<r \;>0if j&pB}

as described in §1. Since for each B € A, kA, has the same quotient field, the
groups ZA ; are equal for § € A, and we write ZA = ZA 4 and similarly QA = QA
for any 8 € A.

The conditions for § to be surjective are expressed in terms of the relationship
between the halfspaces in Q* determined by the coordinate hyperplanes and their
restriction to the subspace QA. By Lemma 1.2 if 8 € A, any bounding halfspace of
Q" Ay has the form QA N o, where QA ¢ %”jo and j & B. We call the set of
such halfspaces as B runs over A, the induced halfspaces of QA. That is set
a={jes|QAZH#° and j & NgecaB). Then an induced halfspace of QA is of
the form QA N5, with j € a. We say that a differential operator d € D(Uj) is
homogeneous if for every monomial f € O(U,) we have d - f = Af for some A € k,
depending on f.

THEOREM B. (1) The map 0: D(Y ) — D(Y,/G) is surjective if and only if

(a) The induced halfspaces of QA are distinct.

(b) Every induced halfspace of QA is a bounding halfspace of Q" Ay for some
B e A.

(c) If QA NS, is an induced halfspace of QA then x (ZA) = Z.

(2) Let J be the left ideal of D(U,)° generated by all first order homogeneous
differential operators which vanish on kZA. Then Kerf = J N D(Y)°.

We give some examples to illustrate conditions (a)-(c) of Theorem B part (1) at
the end of this section. We also show that the definition of D(Y,/G) may depend on
A and not just on Y and G.

In Proposition 3.7, we show how conditions (a)-(c) of (1) can be achieved without
changing D(Y,/G) up to isomorphism.

To prove Theorem B we shall obtain explicit descriptions of the rings D(Y )¢,
D(Y,/G), and the map 6.

2.1. LeMMA. If K is a commutative k-algebra and € a multiplicatively closed subset
of K consisting of regular elements, then any differential operator on K has a unique
extension to K. In addition D(K) = {x € D(K,)|x- K C K}.

PROOF. See [H, Lemma 2].
2.2 Let k[Q,...., Q.. P,,..., P] be the sth Weyl algebra over k with generators
Q,. P, satisfying [P,,Q,] = §,, where [a, b] = ab — ba. We regard this ring as the

ring of differential operators on k[T},..., T.] where Q, acts as multiplication by T,
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and P, as 3/93T,. Since O(Y) = NgepyOUp) = k[Ty,....T,, 7", i €NpgeaB] we
can regard D(Y) as a subalgebra of D(US) = k[QF,...,QF, P,,..., P,] by Lemma
2.1. It is easy to show that D(U;)= &, _,. D(U,)(A) where DU)A\) = {x €
D(U)|[Q;P;, x] = A;x for 1 < i < s}. We denote by 4 the subring 4 = D(U,)(0) =
k[Q,P,,...,Q,P] of D(U,). Then A is exactly the set of homogeneous differential
operators on O(U,).

LEMMA. Let R be a subring of D(U,) containing A. If I is an ideal of R then

I=¢9 AZI()\)whereI(}\)—{xEIHQ x]=Axforl <i<s}.

PrOOF. Let I' = GL(1)*. Then I' acts rationally on O(I') = O(U;) and D(T') =
D(U,). Furthermore the Lie algebra Lie I' of I' can be identified, as differential
operators on O(T), with kQ,P, + --- +kQ_P,. The action of T on D(U,) gives the
following action of Lie I':

it

=[¢.d] fort e Liel, d € D(U,).

Therefore, if R is a subring of D(U,) containing A, and I an ideal of R, then I and
R are stable under Lie I' and so are I -submodules of D(U;). Identifying the
character group of I' with Z°, we have I = I(\) with I(A) as above, by
standard results.

We note also that R(A) € Q* and R(0) =

2.3. We next obtain a description of D(kA) where A is an arbitrary subsemigroup
of Z°. There is no loss of generality in assuming ZA = Z*. In kA set €= {T* |\ €
A}. Then kAg= O(U,)) = k[T\*,...,T,*!]. We view D(kA) as a subring of D(U,).
Note that for p € Z° we have Q,P, - T* = p,T"

Let Ag = Q[Q1Py,...,Q,P]s0 A=Ay ®q k. Elements of 4 define polynomial
functions from Z* C Q° to k by the rule

)\ YA

QP (p)=p; forpelZ:.
With this definition we have for f € 4
f(Q\Py,....Q,P) - T'=f(p)-T" forpeZ’.

Since we have identified 4, with the symmetric algebra on (Q*)*, we can now
regard an element f= f(x,...,x,) € (Q*)* as an element f= f(Q,P;,...,Q,P,)
of 4q.

For a subset & of Q° we write ann,Q = {f€ A|f(w)=0 for all we Q}.
Clearly ann ,Q = ann ,Q where @ denotes the Zariski closure of .

THEOREM. Let A be a subsemigroup‘of Z° with ZA = Z°. Then

D(kA) = A D(kA)(A)

where D(kA)\) = Q*ann (Q(A) and Q(A\) = {p € A|p+ A & A).

PROOF. The direct sum decomposition is immediate from Lemma 2.2. It is also
clear that D(kA)A)C Q™. If f € A, then Q*f - T* = f(u)T***. By Lemma 2.1,
Q* € A if and only if f vanishes on ()). This proves the result.
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2.4. We can regard O(Y) = k[T,,...,T,,T; ': i € Ny, B] as a semigroup alge-
bra k2 where 2 is the semigroup 2 = {0 € Z° |0, > 0if i €Ny, B). Let X(A) =
{p € Z|N+ p& ). Then we have D(Y)= & D(Y)(A) where D(Y)A) =
Q*ann (Q(N).

Now D(U) is the twisted group algebra of the group M = (Q{',...,Q*") over
the subring D(U,)(0) = A. As explained in the introduction the action of G on O(U,)
extends to an action of G on D(U,) by the rule

(g-d)(f)=gld(g™'f))

for f€ O(U,), d€ D(U,), and g€ G. A simple computation shows that for
g=1(85----8) € G we have

VA

r
g : Qj = ]:.[lgia”Qj

and
g : P/ = lj,[lgi‘ul/l)j'

It follows from this that the subring A is invariant under G and that D(U,)¢ is the

twisted group algebra of the subgroup M, of G-fixed elements of M over A. It is

easy to see that Q* € M is G-fixed if and only if A € Z* N V, and thus we obtain
D(U)"= @ DU

AEZL NV
Since D(Y )¢ = D(Y) N D(U,)¢ we obtain the following result.

THEOREM.

D(Y)°= @ D(Y)°(\)

AEZ'NV
where D(Y)°(A\) = Q*ann ;Q(A), and Q(A\)={pE Z|p+ A & =).

2.5. By identifying ZA with Z" we have kZA = k[t*',...,1}']. Let
klGys- -G P1s---s p,] be the nth Weyl algebra with generators g;, p; satisfying
[Pi»q;] =8, We regard this as the ring of differential operators on k[ry,....1,]
where g, acts as multiplication by ¢, and p; as 3/3¢,. Let By = Q[q,py,---.4,p,]
and B = B, ®q k. We may identify Bg, with the symmetric algebra on (Q")*. The
next lemma will be used to find the Zariski closures of certain sets.

LEMMA. Let A be a subsemigroup of Q" with QA = Q". For g € (Q")* and
be Qset Ay={A€ A|g(X)=>b}. Suppose that

) A, # o,

(i) dimQA, =n — 1.
Then A, = {A € Q"|g(\)=b}.

PrOOF. It suffices to show that if f € B, and f(A,) =0, then f(A) =0 for all
A € Q" such that g(A) = b.
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We first prove the case b = 0. Write X, = ¢,p,,..., X, = q,p, and introduce
new indeterminates Y, .. T. Suppose

ynv

f(X+TY)=f(X,+TY,,....X, +TY,)= ) T/g,(X,Y)
j=0
where g,(X,Y) € Q[X,,..., X,,Y,..., V]

For }\ 1 € A, and 1 a positive integer we have 0 = f(A + 1u) = L7 /g (A, ).
An argument using Vandermonde determinants shows that g (A, p) = 0 for each .
Taking A = 0, p € A, and ¢ € Q" we find that f(Q"A,) =0andso g;(A,p)=0
for A, p € QT A,. Then taking = —1 we find that f(QA,) = 0. Since dim QA =
n — 1, this proves the case b = 0.

For the general case, there exists p € A such that g(p)= b, by (i). Define
f* € Byby f*(v)=f(v + p). Then f*(A,) = 0so by thecase b = 0, f*(QA,) =
0. If now A € Q" and g(A) = b then g(A — p) = 0. Therefore f(A) = f*(A — p) =
0 as required.

We can now describe the Zariski closed sets m of Theorem 2.4 as a union of
hyperplanes. For B € A and i ¢ B define Q; ,(A) = (L€ Q’|0 < p; < —A,p, €
Z}. Then using Lemma 2.5 Q(\) = UgeaUiepQ,(A). To describe ann, o),
set Sy ;= ;’},‘(Q P—j)if €A, i¢ B, N\ <0,and S, g, =1 otherwise. Then
ann , ©(X) = SyA4 where Sy = [gcall;¢ 5 S p.:

2.6. We next give a descnptlon of the'ring D(kAp) wehre Ay, is a semigroup of
the form Ay =Z" NN, 5 H, and ZAz = Z". We may assume that the bounding
halfspaces of Q" Ay are the H; with i & B. Then by Theorem 2.3, D(kA,) =
ea)‘ez,,q"annawﬁ()\), where wp(A) = {p € Aglp + X & Ag}. It s easily seen that
wg(A) = U, ¢ pwg ;(A) where wg ;(A) = {1 € Ag| fi(A + p) < 0}.

The next lemma shows that w, ,(A) is a finite union of hyperplanes parallel to H, il

LEMMA. Suppose i & B, H, is a bounding halfspace of QA g, and f(\) < 0. Then
wgi(A) = {reQ"f(n) €fi(Z") and 0 < f,(r) < —£,(X)}.

ProoFr. The left side is contained in the right since f; is linear and the right side is
Zariski closed in Q”.

We apply Lemma 2.5 with g = f,. Suppose f,(n) = b € f(Z") and 0 < fi(p) <
—/f;(A). By Lemma 1.7, there is a » € Ay such that f,(») = b, so condition (i) of
Lemma 2.5 holds. Since H? is a bounding hyperplane of QA p» condition (ii) holds.
We conclude that p € w, ,(N).

2.7. By taking intersections over all 8 € A, we can obtain the following descrip-
tion of D(Y,/G).

THEOREM. Suppose that for all B € A, ZAyz =17" and that for i € B, H, is a
bounding halfspace of Q™ Ap. Then

D(Y/G)= @ D(Y/G)(x)

where D(Y,/G)(1) = ¢*annyw(X), and w(X) =Ugea U, ¢ pwp, (), and wg (X)
is a union of hyperplanes as described in Lemma 2.6.
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2.8. We next investigate the map 6: D(Y )¢ — D(Y,/G). Let I be the ideal of
functions of A which vanish on QA. Then [ is generated by linear polynomials, that
is by first order homogeneous differential operators.

LEMMA. Assume Qg € D(U;)C where \€ Z° N V, g € A. Then
(i) Q*¢ € Kerb, ifand only if g € 1,
(ii) if A & ZA then Q*g € Kerf,.

PROOF. (i) Q*g € Kerf, if and only if forall p € Ay, 0 = Qg - T# = g(p)T A

This occurs if and only if g(A,z) = 0. By an argument used in the proof of Lemma
2.5 this is equivalent to g(QA) = 0. Hence Q*g € Ker b if and only if g € 1.

(i) If A & ZA and p € Ay then A + p & Ap. Therefore g(A,) = 0 and Qg e
Ker g as in (i).

If O’ € D(Us)°, and A € ZA, then the unique extension of f5(Q%g) to a
differential operator on kZA is given by

%(Q)‘g)l‘“”) =g(p)t*?*m  forp e ZA.

Here ¢: ZA — Z" is the isomorphism of Proposition 1.3. It follows that if
x € D(Up)¢ N D(U,)° then 6y(x) = 6 (x) as elements of D(kZA). The map 0:
D(Y)? =ND(U;)¢ » ND(O(Up)®) = D(Y,/G) is obtained as the restriction of any
bz, B € A.

PROOF OF THEOREM B. The second part of the theorem follows from Lemmas 2.2
and 2.8 since Kerf = D(Y) N Ker 6.

Using Corollary 1.6 the action of G on O(U,) may be extended to an action of a
larger torus G such that 0(U,) = O(U,)¢ = kAg for all B € A, and O(U,)% =
kZA. By Theorem 2.4 we have D(Y)? = &, _, D(Y)“(\) where D(Y)“(\) =
D(Y)(A) for A € ZA. By Lemma 2.8 8(D(Y)“(A)) = 0 unless A € ZA. Hence in
studying surjectivity we may replace D(Y)“ with the subring D(Y)¢. In other
words we can replace G by G’ and assume ZA, = Z* N V forall B € A.

Let 8: D(U,)¢ - D(0O(U,)°) be the map obtained from restriction of the differen-
tial operators. For any x € D(Up)¢, 8(x) € D(O(U,)?) extends f(x) € D(O(Up)?).
The ring D(U,)° is a skew group ring of the group M = {Q*|A € ZA} over
B = k[Q,P,....,Q.P,]. Therefore 6 is completely determined by its restriction to M
and B. We note that O(U,)¢ is embedded in D(U,)¢ as the subring spanned by
{QM A € ZA} and in D(O(U,)°) as the subring {g*™ |\ € ZA }. Hence, we have
6(Q*) = g*™ for all A € ZA. We claim the restriction of 8 to B is given by

e—(QiPi)=/i(q1pl""?qnpn) fOI'lSI‘SS.
Indeed if A € ZA we have
B(Q.P)- 1M = XD = (.6 1)((A)) ¢

- (¢*xi)(¢()\)),¢(>\) = £($(X))e*™

=fqpre-qup,) 1P
We note that the restriction of 6 to A gives a surjective map from A4 to B. To see
this note that the linear map ¢: Q" — Q° has rank n, and so ¢*: (Q*)* — (Q")*
has rank n also. Hence the linear functionals f;, = y*x,, 1 < i < s span(Q")* and so
the linear polynomials f, = 8(Q,P,) generate B.
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To prove the theorem observe that §: D(Y )¢ — D(Y,/G) will be surjective if and
only if for all A € ZA, the restriction of 8 to D(Y)(A) = D(Y,/G)$(N)) is
surjective. Using Theorems 2.4 and 2.7 we see that § is surjective if and only if for
all A € ZA we have 6(ann , 2(\)) = ann zw (o (N)).

We first show that condition (a) is necessary for surjectivity. If (a) fails then for
some i, j € a, i # j, we have cf, = f; for some ¢ > 0. Choose A € ZA with A, <0.
Then Q(X) contains the hyperplanes 5,° and 5,°. Therefore f* € f(ann Q()\))
but f, & 6(ann ,Q(X\)). Therefore 6 is not surjecuve since anngw(¢p(A)) is a
semiprime ideal.

Henceforth we assume that (a) holds. We have

B(annA Q(_AD = annB(W N QA),

since now distinct hyperplanes in Wj now have distinct intersections with QA.
Since we always have 6(ann , 2(A)) C ann zw($(A)) it now suffices to show that
conditions (b) and (c) hold if and only if for all A € ZA we have 2(A) N QA
< w(9(X)). _
Suppose that (b) and (c) hold. If H is a hyperplane contained in 2(A) N QA,
there exists i & Mg, B with x,(A) < 0 and an integer b with0 < b < —x;(A) such
that

H= {p, € QA|x,(p)>0forj& () Band x,(n) = b}.
BeA

We have i € a, 50 by (b) ker f; = kerx, N QA is a bounding hyperplane of QA,
for some B € A. Since f,(ZA)=Z, we obtain H C wp ;($(A)) C wz(d(A)) as
required.

Conversely, suppose that some induced hyperplane QA N kerx; is not a bound-
ing hyperplane of Q* A, for any 8 € A. Choose A € ZA with f,(A) < 0. Then the
hyperplane {u € QA|f,(n) = 0} is contained in 2(A) N QA but not in ws(¢(A))
for any B. Hence condition (b) is necessary for surjectivity.

Finally assume conditions (a) and (b) hold, but that (c) fails. Then for some
induced hyperplane QA N kerx; of Q*Ag, B € A, we have x,(ZA) = aZ with
a > 1. Choose A € ZA with f(A) < 0. Then the hyperplane {p € QA | f(p) = 1}
is contained in @(A) N QA but not in wg(¢(A)) for any 8. This shows conditions
(a)—(c) are necessary for surjectivity and completes the proof of Theorem B.

2.9. ExaMPLES. We first give some examples to illustrate the independence of
conditions (a)—(c) of Theorem B, part 1. We suppose that G = GL(1)" acts on
OU,) = k[T\*,...,T,*'] by the rule g-T,=1I1,g/T, where (a;;) is an r Xs
matrix with integer entries.

(a) Suppose r =1, s =2, (a,,)=(1 —1), and A = {¢}. Then T* € O(U,) =
k[T,, T,) is G-invariant if and only if A € Z*(1,1) = A. Clearly the halfspaces in Q?
defined by x; > 0 and x, > 0 give the same induced halfspaces of QA. Hence
condition (a) of Theorem B fails. It is easily verified that conditons (b) and (c) hold.

(b) Suppose r =1, s =3,(a,;)=(1 1 =2),and A= {¢}. Then T* € O(U,)
= k[T,, T,, T;] is G-invariant if and only if A belongs to the semigroup A generated
by (2,0,1), (0,2,1) and (1,1,1). We note that the induced halfspace of QA defined
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by x; > 0 is not a bounding halfspace of Q' A. Therefore condition (b) of Theorem
B fails. It is easily checked that conditions (a), (c) of Theorem B hold. Note that if
we let A = {{3}} instead, then O(U,;,) = k[T, T,, T;*'] and the halfspace of QA
defined by x; > 0 is no longer an induced halfspace. Hence conditions (a)—(c) of
Theorem B hold in this case. Also we have ¢(U, )¢ = O(Uy;, )C.

(c) Suppose r =1, s =3,(a;;)=(1 2 —4)and A = {{3}}. Then @(Um)‘f =
kA where A is the semigroup generated by (4,0, 1), (2,1,1), and (0, 2, 1). Conditions
(a), (b) of Theorem B hold, but x, > 0 defines an induced halfspace of Q* A and
x1(ZA) = 2Z. Note also that G satisfies the dimension equality and contains the
pseudoreflection (—1,1, 1) which fixes the hyperplane defined by x, = 0.

(d) Finally, we give an example to show that the definition of D(Y,/G) depends
on A. Let r=1,5s=3,(a,)=( 1 -2). We have seen in (b) that O(U,)¢ =
O(U,3,)¢ and the map D(0(Ug3))¢ = D(O(U,)?) is surjective. Hence P, P,Q; ' €
D(@(Um ))¢ induces a differential operator on (9(U¢)G. On the other hand we have
(O(U“})G = k[T 'T,, T!T3) and P,P,Q;' - T 'T, = —T°T; ' ¢ 0(U<1))G. Hence
D(O(U,)°) & D(O(U,,,)?). Now we can write U, = U, U U,,. Thus with A = {¢}
and A" = {¢,{1}},wehave Y = Uz, Up =Ugcy U and D(Y,/G) € D(Y,/G).

3. Centers.

3.1. We denote the center of a ring R by Z(R), and the Ore quotient ring of R by
Q(R) when it exists. Let R be a subring of D(U,) = k[Q,*',..., Q' P,,..., P,]
containing 4 = k[Q,P;,...,Q P By Lemma 2.2, R= &, _,. R(\) where R(A)
={x€R|[Q;P.x]=Axforl<i<s}. Let A={A€Z|R(A)#0},and S =
k[O,Py, ..., Q.P,Q" A € ZA]. We denote by GK(R) the Gelfand-Kirillov dimen-
sion of R; see [KL].

LEMMA. With the above notation GK(R) = s + rank(ZA).

PROOF. We may assume that R is finitely generated as a k-algebra. Since R C S,
we have GK(R) < GK(S). A straightforward calculation shows that GK(S) = s +
rank(ZA).

Suppose A, ..., A, are Z-linearly independent elements of A, where r =
rank(Z A). Choose a finite-dimensional subspace W of R containing 1,0, P,..., Q P,
and such that WN R(A,))# 0 for i=1,...,r. Let R, (A)= W"™nN R(A). For
A=2XaX €XZ.\, define |\|=Xa, Clearly Ry(A)# 0 for all A€ LZ A,
Since the number of monomials of degree at most d in s indeterminates is (*; ) we
see that dim R, (X) > (**" ™) for m > |A|. Therefore dimW™ > ¥(** " M), where
the sum is over all A € ¥Z A, with |A| < m. By induction on r it is possible to
show that the right side is bounded below by a polynomial in m of degree s + r.
Hence GK(R) > s + r and this proves the lemma.

3.2. COROLLARY. (i) Suppose G = GL(1)" acts faithfully on k*. Then GK(D(Y)%)
=2s —r.

(i) Let Y = UUy and suppose the common quotient field of the rings 0(UB)G has
transcendence degree n over k. Then GK(D(Y,/G)) = 2n.
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PrOOF. This follows immediately from Lemma 3.1, and Theorems 2.4 and 2.7.
It follows from [KL, Theorem 4.12(a)] and Lemma 3.1 that Q(R) exists.

3.3. LEMMA. With the above notation Q(R) = Q(S).

PROOF. Since R C §, and S is a domain, it suffices to show § € Q(R). If A € A,
there exists « € A, a # 0 such that Q*a € R. Since 4 C R, it follows that Q* €
Q(R). Hence Q* € Q(R) for A € ZA and S € Q(R).

Now suppose g;,...,g, form a basis for the kernel of the restriction map
(Q5* - (QA)*, and choose hy,...,h, € (Q°)*, t=s~—r so that g,...,g,
hy,...,h, form a basis of (Q*)*. We regard the elements g; and h, as elements of
A =k[Q,P,,...,Q,P]. Then A is a polynomial ring in h,,...,h, over C=
k(g ---» &

THEOREM C. With the above notation Z(R) = C

PROOF. We show first that C C Z(S). Since S is the twisted group algebra of
{QM A € ZA} over 4, it is enough to show that [Q* g,]=0 for A € ZA and
1 <j<r.Now

[ g_,] = gj(QIPI""’QsPs)_gj(QIPI+A1""7Qst+As)}
=g, (Q.P1,....OP) —g,(Q\P,...,0,P) —g,(A)} =0

as g, is a linear polynomial and g;(A) = 0

Since C C R C S, it is now sufficient to prove that Z(R) C C. Note that if
x € Z(R), then [, x] =0 for all { € Liel' = kQ,P, + --- +kQ,P,. Hence x €
R(0) =

We let < denote the natural partial order on (Z.)’, that is for a, B € (Z.)',
a < PBifandonlyif a;, < B, forl <i <t

Suppose x =Ygz, ) zﬁh” € A4 is central in R where zg € C. If x & C, then
zz # 0 for some B > 0. We choose an element a € (Z, ) maximal under the partial
order < such that z_ # 0. Suppose «, # 0. Since the restrictions of 4, ..., h, form
a basis for (QA)*, there exists A € ZA such that 2, (A) = 0if j # i and A,(A) # 0.
Since x € Z(R) and S C Q(R) we have

0=[x,0"= Q"{%zﬁ(h”(QlPl +AL...,0,P, +\,)— hP(Q, 1,...,Q3Ps))}.

For any B we have

hB(lel + Al”"’QSPS + AS) - hB(lel""’QSPI)
= B, (NP (Q,P,,...,Q,P,) +lower degree terms

where :8/ = (:Blv . v:Bi—l’ :Bi - 1’ :BH-I’ s ’B()‘

For B # a, none of the above terms involves 4% and it follows that the coefficient
of 1% in the above sum is a;4,(A)z, # 0. This contradiction shows that Z(R) C C
which proves the theorem.
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3.4. We now specialize Theorem C to the rings D(Y)¢ and D(Y,/G). The fixed
ring O(U,)“ is the group algebra of A, = {A € Z°|m,(\) = 0} where the m, €
(Q?)* are given by equation (2) of §1. In the notation of Theorem 2.4, A, =Z° N V.
This gives the first part of the following corollary.

COROLLARY. With the above notation
(i) Z(D(Y)%) = k[my,...,m,].
(i) Z(D(Y,/G)) = k.

PROOF. Part (ii) follows from Theorem C and Theorem 2.7.
3.5. Recall that for A€ Z° N V, ann ,Q(\) = S, A4, where S, is defined after
Lemma 2.5.

LEMMA. Assume G satisfies the dimension equality on O(Ug) for B € A. For
1<i<r letl,=%,_m A Then S;A N I,= S\I,.

ProOOF. If Q,P, —j is a factor of S, then for some 8§ € A and i & B we have
A, <0and 0 <j < —A,. Since A € QA and x;(A) = A, we have QA ¢ kerx,, and
clearly QA ¢ ker(x;, —j) if j# 0. Hence (Q,P, —j) & I, which is the ideal of
functions of A that vanish on QA = V. Therefore (Q,P, — j) & I,. Since I, is a
prime ideal of A it follows that S, &€ I, and S, 4 N I, = S,1,.

3.6. Note that if G satisfies the dimension equality on O(Uy), B € A, then [, = 1
is the ideal used in the proof of Theorem B. We can now reformulate Theorem B in
this case. '

COROLLARY. Assume G satisfies the dimension equality on O(U,), B € A. Let 6:
D(Y)Y - D(Y,/G) be the natural map.

(1) 8 is surjective if and only if
(a) The induced halfspaces of QA are distinct and are precisely the bounding
. halfspaces of the convex cones Q™ A, B € A.
(b)If QA NS, is a bounding halfspace of Q" Ay, then G contains no

nonidentity pseudoreflection fixing the hyperplane defined by x; = 0.
(2) Ker@ = D(Y)°I = D(Y)%(Ker§ N Z(D(Y)%)).

ProOF. (1) follows immediately from Theorem B and Lemma 1.9.

(2) Theorem B gives Kerf = D(U,)°I N D(Y)°. In particular / C Ker6. Also
I € Z(D(Y)®) by Corollary 3.4. If g € 4 and Q*g € (Kerf)(\), we have g € S, 4
N I = S,1. Therefore Qg € Q*S,I C D(Y)CI. Together with Lemma 2.2 this
proves (2).

3.7. In later applications we shall often require the conditions of the corollary to
be sastisfied. It is important to know that we can do this without changing the ring
D(Y,/G) up to isomorphism.

PROPOSITION. Suppose the torus G acts on Y = Upgc o Uy. Then there is a set of
subsets T of s such that if X =Ug < Uy, then there is an action of a possibly larger
torus G’ on X such that

(i) D(Xs/G') = D(Y,/G).
(i) G’ satisfies the dimension equality on O(Uy), B € 2.
(iii) The map 6: D(X)® — D(Xs/G') is surjective.
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PrROOF. We define an equivalence relation ~ ona = a(A) by i ~ jfor i, j € aif
and only if f, = af, for some a > 0. Let y be a set of representatives for the
equivalence classes of ~ . For 8 € A, we can choose a set 8’ containing 8 such that
the bounding halfspaces of Q" Ag = Q™ Ap have the form {QA N7, | j € s\ B’}
and s\ B')Cy. Let 2= {B'|B€A}. If X=UpcsUp, then G acts on X,
conditions 1(a) and (b) of Theorem B now hold, and we have @(UB,)G = 0(UB)G for
all B. By embedding G in a larger torus, we may assume the dimension equality
holds on O(Uj) for all B € 2. Since these reductions do not change the fixed rings
we have Ny 4 D(O(Up)°) = Ng e s D(O(Up)?).

To obtain condition 1(c) of Theorem B, we apply Lemma 1.8. Since we replace
O(U))" by an isomorphic ring some care must be taken. Suppose ¢: Q* — Q° is
the isomorphism of Lemma 1.8. We obtain an isomorphism, also denoted by ¢ from
kZA to k¢ZA. The map ¢*: D(kZA) — D(k¢ZA) defined by (¢*d)(f)=
¢(d(¢~Yf)) is an isomorphism, and using Lemma 2.1, we can show that ¢* maps
Ng s D(kAg) ontoNg s D(kdpAp).

4. Graded rings.

4.1. We filter the rings D(Y)¢ and D(Y,/G) by the order of the differential
operators. In D(U,) we let &, denote the span of all differential operators of order at
most ¢, and @, =&, N D(Y). Then &, is the free O(U,)-module generated by
monomials in Q,P,,..., Q P, of degree at most t. We alsoset. 2_, = &_, = 0. Then

S

l

GrD(Y)= @ 2, cGrD(U)= @ -

>0 9r—l

The action of G preserves the filtrations {2,} and {¢&,}, and hence G acts on
GrD(Y) by

g(a+92,_\)=(g-a+9,_,) forac 2,
We may filter D(Y )¢ by the subspaces 2, N D(Y)°, and it follows that

¢ D(Y)°N92)+9
Gr(D(Y)%) = @ wg (2(¥) o )+ 9,
>0 D(Y)" N9, , >0 1

= (GrD(Y))°.

In the ring D(KZA) = k[q*',....q*", p,...., p,] we let E, denote the span of
all differential operators of order at most ¢, and D, = E, N D(Y,/G). Then E, is the
free k Z A-module generated by monomials in ¢, p,,..., g, p, of degree at most ¢. As
before

Gr(D(Yy/G))= @ D/D,_,c @ E/E,, = Gr(D(kZA)).

It follows from the proof of Theorem B that the map 6: D(Y)¢ — D(Y,/G)
preserves the filtrations defined above, that is (2, N D(Y)¢) C D, for all ¢ > 0.
Hence there is an induced map Gré: Gr(D(Y)¢) > Gr(D(Y,/G)) defined by
Grél(a + (2,_, N D(Y)%) =8(a)+ D,_, for a€ 2,N D(Y)° It is routine to
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check that Gr @ is surjective if and only if 4 is surjective and that the diagram

p(v)° 5 D(%/G)
m, | | I,

5r
Grp(v)° % Grp(v,/6)

commutes. Here if a € (2, N D(Y)°)\(2,_, N D(Y)%) we define I1,(a) =a +
(2,_, N D(Y)%). The map II, is defined similarly.

THEOREM. The graded rings Gr(D(Y)%) = (GrD(Y))° and Gr(D(Yy/G)) are
finitely generated commutative k-algebras.

PRrOOF. The graded ring of GrD(Y) = k[ X,,..., X,,Y;,...., Y, X7, i € Nge s B]
is a localization of a commutative polynomial ring at some of the indeterminates,
and G = GL(1)" acts linearly on the subspace spanned by Xj,..., X,,Y;,...,Y,. A
well-known result from invariant theory, [Hu, §14, Exercise 2] implies that the fixed
ring (Gr D(Y))¢ is finitely generated as a k-algebra.

To show that GrD(Y,/G) is finitely generated, we may assume the map 6 is
surjective by Proposition 3.7. Hence Gr#§ is also surjective and the result follows.

4.2. The following is well known; see [V, I, Proposition 7] for example.

PROPOSITION. Let R be a k-algebra which has a filtration k C Ry C R, C -
R,c - cU,,oR, =R such that the associated graded ring Gr R
@,  R./R, jisa finitely generated commutative k-algebra. Then

(1) R is (left and right) Noetherian.

(i1) R is finitely generated as a k-algebra.

N

Theorem A now follows immediately from Theorem 4.1 and Proposition 4.2.
4.3. We next show that the kernel of Gré is II,(Ker8). For this we need the
following lemma.

LEMMA. Let ¢: Q° = Q" be an epimorphism of vector spaces, and extend ¢ to a
map k[X,,..., X,] = k[x,,...,x,], also denoted by {, where X, ..., X, and
Xy,..-,X, are bases for Q° and Q" respectively. If g = g(X,,..., X,) is a homoge-
neous polynomial of degree t, and degyg < t, then yg = 0.

PROOF. We can by renumbering assume that ¢ X;,..., ¢ X, form a basis for Q".
Then for n + 1 < i < s we have

n
X - ) a,;X; € Kery forsomea, € k.
Jj=1
Hence we may write
n n
g(Xl""’X\‘)=g Xl""’Xn’ Ean+1j/‘/j"“’ Zastj +g2(X1""’X\~)
j=1

j=1
=g(X,....X,) +g(X,....X,)
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where g, € kery and g, is either zero or a homogeneous polynomial of degree ¢ in
X,,..., X,. The result follows since the restriction of ¢ to k[Xj,..., X,] is an
isomorphism which preserves degrees.

4.4. THEOREM. Ker Gr6 = II,(Ker@).

PrOOF. It is clear that IT,(Ker8) C Ker Grd. Suppose y € Ker Grf. We may
assume that y = II)(x), where x = ¥, 7.1, 0%\ € D(Y)¢ and each g, is a
homogeneous polynomial of degree ¢ in Q,P,,...,Q,P,. Then §(Q*g,) =0 for
A& ZA, 50 0 cz:nr08) =Zrczaq*™M8(g,). Since y € KerGrf we have
0(x) € D,_,, so each polynomial 6(g,) has degree < ¢ —1 in the variables
41 P1s---» 4, P, By the proof of Theorem B, the restriction of 8 to a map from A4 to
B is a map of the type described in Lemma 4.3. It follows that 8(g,) = 0 for each A
and so x € Ker# and y € II,(Ker0).

4.5. We draw a further consequence from this. Recall that a sequence of elements
X, ..., X, in a commutative ring R is an R-sequence provided X./_; x;R # R and for
each i = 1,..., r the image of x; in R/Zj;‘1 x;R is a nonzero divisor (see [K, 3.1]).

LEMMA. Assume G satisfies the dimension equality on O(Up) for B € A. Then
Ker Gr@ is generated by an R-sequence.

PrROOF. We can write 4 = k[m,,...,m,, hy,..., h,] where m,,..., m, generate
the ideal of A consisting of functions which vanish on QA. Then D(U,)° =
@, o 22 DW)C(A) where D(U,)%(A) = QM. Let X* = II,(Q"), Z, = II,(m,) for
l1<i<r,and Z,=1II(h,_,)forr+1<i<r+t=s Then

GrD(U)° = k[ X\ Z A€ ZA, 1 < i <5]

=k[X*)[Z,,...,2Z,] apolynomial ring over k[ X*].
Now D(Y)¢ is a subring of D(U,)“ and we have
GrD(Y)’ = @ XMI(S)k[Z,,....Z,].
AEZA

By Theorem 4.4 and Corollary 3.4, Ker Gr# is the ideal of GrD(Y )¢ generated by
Z,,...,Z,. By the proof of Lemma 3.5 we have

] !
0(S)k[Z,.. Z] 0 X Zk[ 2y, 2] = TL(S)) X Zk[ 2, Z,]

i=1 i=1

for1 </ < r and hence

/ !
Y GrD(U)°Z, N GrD(Y)’ = ¥ GrD(Y)“zZ,.
i=1 i=1
Since the elements Z,,...,Z, form an R-sequence in the ring GrD(U,)¢ it
follows from the equality above that they form an R-sequence in GrD(Y)©.

4.6. Our next aim is to show that the graded rings Gr D(Y )¢ and Gr D(Y,/G) are
Gorenstein rings. We have

GrD(Y)=k|X,....X,,Y,,....,Y., X hie N B
BeA
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and G actson V = span{ X|,..., X, Y,,..., Y} as a subgroup of SL(}V'). Hence the
fact that D(Y )¢ is Gorenstein follows from the following which is a slight extension
of a result of R. P. Stanley [S, p. 81].

THEOREM. Assume the torus G acts as a diagonal subgroup of SL(V') where V = k.
For a fixed subset B of {1,2,...,s} let U= {ve V|v,#0ifi€ B}. Then O(U)*
is a Gorenstein ring.

We can assume that O(U) = k[Tl’—'l, e T,il T,.1, ..., T,], and that as explained

A

in §1, O(U)C is a semigroup algebra k A where A has the form
A={beZ' x(Z,) "If(b)=0forl<i<r}

for certain linear equations f;(x;,...,x,) = X}_;a;;x; € (Q*)*.

A subsemigroup M of Z°. will be called a positive toroidal semigroup if it is the set
of solutions in nonnegative integers to a system of homogeneous linear equations
with integer coefficients and there exists an element m = (m,...,m) € M with
m; >0 for each i. If M is a positive toroidal semigroup, an element m =
(my,...,m;) € M is a minimal positive element provided m, > 0 for each i, and
whenever n = (n,,...,n) € M with n, > 0 for each i, we have m; < n,. Theorem
4.6 is deduced from the following result of Stanley.

4.7. THEOREM. If M is a positive toroidal semigroup, then kM is a Gorenstein ring if
and only if M has a unique minimal positive element.

PROOF. [S, Theorem 6.7].

4.8. LEMMA. If O(U)° = kA where G € SL(V) as in Theorem 4.6 then kA =
(kM) is a localization of a semigroup algebra kM, where M is isomorphic to a positive
toroidal semigroup with a unique minimal positive element.

Together with Theorem 4.7, and the fact that a localization of a Gorenstein ring is
again a Gorenstein ring [K, Exercise 12, p. 164], this will prove Theorem 4.6.

PrROOF OF LEMMA 4.8. The hypothesis G C SL(V') is equivalent to the fact that
Yi_ya,=0for 1 <i<r Thatis fi,...,f, belong to the subspace W of (Q*)*
spanned by x, — x,,Xx, — x3,...,x,_; — x,. Let (b;;) be the row reduced form of
the matrix (a,;) and g,(x) = Lb,;;x;. Then g, € W for each i, and A is the set of
solutions in Z' X (Z,)*~ ' to the equations g,(x) = 0.

As usual the variables x; corresponding to a column of (b,;) containing a leading
one are called leading variables, and the others are nonleading variables. We can
assign the nonleading variables arbitrary values and solve for the leading variables.
Moreover the value of a leading variable x; is determined by the values of the
nonleading variables x, with k > j. Therefore we can assign a value zero to every
variable x; with j > ¢ + 1 and assign the remaining nonleading variables arbitrary
values.

For each nonleading variable x, with 1 < j < 1, we obtain in this way a solution
B, = (B,.-...B,) € A with B;; a positive integer and B, = 0if k > 1+ 1 or x, is
any nonleading variable with k # j.
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Let M be the subsemigroup of A given by
M={b=€Z'x(Z,) "|f(b)=0,1<i<randb; >0
if x, is a nonleading variable with 1 < j < t}

and let € be the multiplicatively closed subset of kM generated by the set {T%}.
Then it follows easily that kA = (kM ).

It remains to show that M has the properties claimed. By changing notation, we
may assume that

b)forl<i<p

*¥s

and gj(bp+1"-"bs) =0,J EJ}

M={beZ’x(Z,) "b=f,(by.r.--.

tp

where as before x; — fi(x,,,...,x,) and g,(x,,1,..., x,) belong to W. To see this
first regroup all the variables which are constrained to be nonnegative at the end,
and relabel them as x palse s X Then relabel the leading variables x g with
1<j<t as xj,...,x, and express their dependence on x,,;,...,x; by the
equations x; = fi(x,,y,..., x;). Any further relations between the x,_,..., x, are
expressed by certain equations g(x,,,..., x,) = 0, where j runs over some index
set J.

Suppose fi(x, ;... X;)'= Liops1CuX, Where ¢ € Q and choose m € Z such
that m + ¢;, > 0 for each i and k. For 1 < i < p define h;(x) = x, + m¥;_,., X,
and let {: Q° — Q° be the linear map defined by

§(by,....b,) = (hy(b),....h,(b).b,,\,....b,).

It is easily checked that { is an isomorphism and that

(M) = {(cl,...,cs)EZi|ci=f,-(cp+1,...,cs)+m Z L

k=p+1
forl <i<pandgic,,y,....c,) =0, jEJ}.

Hence M is isomorphic to the positive toroidal semigroup {(M). For 1 < i < p, let
a; = f(1,1,...,1) + m(s — p). Then since g, € W it follows that
(ay,...,a,,1,1,...,1) is the unique minimal positive element of {(M). This com-
pletes the proof.

THEOREM D. The graded rings GrD(Y)° and Gr D(Y,/G) are Gorenstein rings.

PROOF. The fact that Gr D(Y )¢ is Gorenstein now follows directly from Theorem
4.6. To prove GrD(Y,/G) is Gorenstein we may assume by Proposition 3.7 that G
satisfies the dimension equaltiy on O(Uj) for B € A, and the map 6: D(Y)¢ »
D(Y,/G) is surjective. Hence the map Grf: GrD(Y )¢ - GrD(Y,/G) is surjective,
and by Lemma 4.5 the kernel of Gr# is generated by an R-sequence. It follows that
Gr D(Y,/G) is Gorenstein by [K, Exercise 13, p. 164].



826 I. M. MUSSON

4.9. The fact that these graded rings are Gorenstein can be used to apply a result
of Levasseur, which we explain next.

Let A be a filtered ring such that the associated graded ring B is commutative
Noetherian with Kd(B) = w, where Kd denotes Krull dimension. If M is a finitely
generated A-module, we may filter M in such a way that the associated graded
module Gr(M) is a finitely generated B = Gr(A4)-module, and we set d(M) =
Kd(,Gr(M)). We set grade(M) = inf{i|Ext, (M, A) # 0}. We say that B is of
pure dimension w if for every maximal ideal m of B, Kd(B,,) = w. The next result is
[L2, Théoréme 4.4].

THEOREM. Suppose that B is a Gorenstein ring of pure dimension w. Then for any
finitely generated, nonzero A-module M, we have d(M) + grade(M) = w.
In addition the left and right injective dimensions of A are finite and equal to p < w.

4.10. We note that if B is a finitely generated domain over a field k, and
Kd(B) = w, then B has pure dimension w. This follows from Noether’s normaliza-
tion lemma and the going up and going down theorems.

It is therefore of interest to compute the Krull dimensions of the graded rings of
Theorem D. More generally in the next lemma we assume that R is a subring of
D(U,)) = k[QY,...,QXY P,,..., P]containing A = k[Q,P,,...,Q,P,). By Lemma
22, R= @, _,. R(A) where R(A) = {x € R|[Q;, P, x] =A;x}. Let A = {Ae
Z°|R(M) # 0}, and suppose rank(ZA) = r.

Let &, be the span of all differential operators of order at most ¢ in D(U,) and
Gr(D(U)) = @ &/8,_,. If x€ &, —&,_, we define II(x) = (x + &,)/&,_,. Then
Gr(R) = II(R) is a subring of Gr(D(U)).

If Gr(R) is a finitely generated k-algebra, Kd(Gr(R)) = trdeg,(Gr(R)), the
transcendence degree of Gr(R) over k. We compute this next.

LEMMA. With the above notation trdeg,(Gr(R)) = s + r.

PROOF. Let S = k[Q,P,,...,Q,P,,Q" A € ZA]. Then R C S, Gr(R) C Gr(S),
and trdeg,(Gr(S)) = s + r. It suffices to show that Gr(R) and Gr(S) have the
same quotient fields, and this is proved in the same way as Lemma 3.3.

4.11. CoOROLLARY. (i) Suppose G = GL(1)" acts faithfully on k°. Then
KdGrD(Y)¢ =25 — r.

(i) Let Y =UU; and suppose the common quotient field of the rings 0(UB)G has
transcendence degree n over k. Then Kd Gr D(Y,/G) = 2n.

PrOOF. Since GrD(Y)¢ and GrD(Y,/G) are finitely generated k-algebras by
Theorem 4.1, this follows from Lemma 4.10 and Theorems 2.4 and 2.7.
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